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We consider current- current correlators in 4d A/" = 1 SCFTs, and also 3d A/" = 2 SCFTs, in 
connection with AdS/CFT geometry. The superconformal U{l)ji symmetry of the SCFT 
has the distinguishing property that, among all possibilities, it minimizes the coefficient, 
trr of its two-point function. We show that the geometric Z-minimization condition of 
Martelli, Sparks, and Yau precisely implements trr minimization. This gives a physical 
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1. Introduction 



This work is devoted to the geometry / gauge theory interrelations of the AdS/CFT 
correspondence which has been much developed and checked over the past year (a 

sample of recent references is P,^|6|,[7|,p|,P, p!0| , p!l| ) . 

In the AdS/CFT correspondence global currents Jj {I labels the various cur- 

rents) of the d-dimensional CFT couple to gauge fields in the AdSd+i bulk. The current 
two-point functions of the CFT are of fixed form, 

m^Ujiy)) = ^AdX^ - W ^^_y],^a-2y (1-1) 

with only the coefficients r/j depending on the theory and its dynamics. Unitarity restricts 
Tij to be a positive matrix (positive eigenvalues) . The coefficients tij map to the coupling 
constants of the corresponding gauge fields in AdSd+i- writing their kinetic terms as 



;i.2) 



the relation is [12 



= 97j\ (1-3) 



{d-l)V[ 



where L is the AdSa+i length scale. Our main interest here will be in the quantities rjj, 
and comparing field theory results with the AdS relation ( |1.3|) . 

We will here consider 4d A/" = 1 superconformal field theories, 3d A/^ = 2 SCFTs, and 
their AdS duals, coming, respectively, from IIB string theory on AdS^ x I5, lid SUGRA 
or M-theory on AdS 4^ x Y7. Supersymmetry requires Y5 and Y7 to be Sasaki-Einstein. In 
general, a Sasaki-Einstein space l2n-i is the horizon of a non-compact local Calabi-Yau 
n-fold X2n = C(Y2n-i), with conical metric 



ds\CiY2n-i)) = dr^+r^ds\Y2n-i). (1.4) 

The gauge theories come from D3 or M2 branes at the tip of the cone. In the large N 
dual, the radial r becomes that of AdSd+i- The dual to 4d A/" = 1 SCFTs is IIB on 

^2 7-2 
AdS5 X Y5 : dslo = -^Vf^^dx^'dx" + ^dr^ + L^ds^Y^), (1.5) 

and the dual to 3d A/" = 2 SCFTs is lid SUGRA or M-theory with metric background 

„2 7-2 

AdS^ X Y^ : ds\. = —rT^^^dx^dx" + ^dr'^ + {2Lf ds"^ [Yj) . (1.6) 
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The SCFTs have a conserved, superconformal U{l)fi current, in the same supermul- 
tiplet as the stress tensor. The scahng dimensions of chiral operators are related to their 
superconformal U{l)ii charges by 

A = ^R. (1.7) 

There are also typically various non-R flavor currents, whose charges we'll write as Fi, with 
i labeling the flavor symmetries. The superconformal U{1)r of RG fixed point SCFTs is 
then not determined by the symmetries alone, as the R-symmetry can mix with the fiavor 
symmetries. Some additional dynamical information is then needed to determine precisely 
which, among all possible R- symmetries, is the superconformal one, in the stress tensor 
supermultiplet. 

On the field theory side, we presented a new condition in [jl^, which, in principle, 
uniquely determines the superconformal among all possible trial R-symmetries, 

=i^O + $^S^i"^, (1.8) 

i 

the superconformal one is that which minimizes the coefficient th^h^ of its two point 
function (|1 . 1| ) . An equivalent way to state this is that the two-point function of the 
superconformal R-current with all non-R fiavor symmetries necessarily vanishes: 

'Tri = for all non-R symmetries Fi. (1-9) 

(Our notation will always be that capital / runs over all symmetries, including the super- 
conformal U{l)n, and lower case i runs over the non-R fiavor symmetries.) We refer to 
the field theory condition of |]T^ as ^^trr minimization". The minimal value of tr^h^ is 



then the coefficient, thh, of the superconformal U{l)n current two-point function, which 
is related by supersymmetry to the coefficient of the stress-tensor two-point function, 

TRR OC Ct. (1.10) 



For the case of 4d A/" = 1 SCFTs, a-maximization |jT^ gives another way, besides 
minimization, to determine the superconformal U{1)r: the exact superconformal R- 
symmetry is that which (locally) maximizes the combination of 't Hooft anomalies 

atrrai{Rt) = ^(STri?^ - Tri?). (1.11) 



Equivalently, the superconformal U{l)ii satisfies the 't Hooft anomaly identity 



9Tr R^Fi = TrFi for aU fiavor symmetries F^. (1.12) 

a-maximization does not apply for 3d SCFTs, as there are there no 't Hooft anomalies. 

The global symmetries of the SCFT^ map to the following gauge symmetries in the 
AdSd+i bulk: 

1. The graviphoton, which maps to the superconformal t/(l)i^, is a Kaluza-Klein gauge 
field, associated with the "Reeb" Killing vector isometry of Sasaki-Einstein l2n-i- 
The R-charge is normalized so that superpotential terms, which are related to the 
holomorphic n form of have charge R = 2. 

2. Any other Kaluza-Klein gauge fields, from any additional isometries of l2n-i- These 
can be taken to be non-R symmetries, by taking the holomorphic n-form to be neutral. 
We refer to these as "mesonic, non-R, flavor symmetries," because mesonic operators 
(gauge invariants not requiring an epsilon tensor) of the dual gauge theory can be 
charged under them. When l2n-i is toric, there is always (at least) a ^7(1)"^"^ group 
of mesonic, non-R flavor symmetries. 

3. Baryonic U{1)^* gauge flelds, from reducing Ramond-Ramond gauge fields on non- 
trivial cycles of Y2n-i- In particular, for IIB on AdS^ x Y5, there are U{1)^^ baryonic 
gauge fields come from reducing C4 on the 63 = dim (773(15)) non-trivial 3-cycles of 
Y5. These are also non-R symmetries. Baryonic U{1) symmetries have the distin- 
guishing property in the gauge theory that only baryonic operators, formed with an 



epsilon tensor, are charged under them. It was pointed out in ||T^ that 4d baryonic 
symmetries have another distinguishing property: their cubic 't Hooft anomalies all 
vanish, Trt/(1)^ = 0, as seen from the fact that it's not possible to get the needed 
Chern-Simons term |^ As A dAs A dAB from reducing lOd string theory on Y5. 
In field theory, the superconformal U{1)r can, and generally does mix with the mesonic 
and baryonic fiavor symmetries. The correct superconformal U{1)r can, in principle, be 



determined by trr minimization [13|. trr minimization is not especially practical to 



^ A point of possible confusion: as pointed out in [14|, the superconformal U{1)r does not mix 
with those baryonic symmetries which transform under charge conjugation symmetry. But the 
superconformal gauge theories associated with general Yzn-i are chiral, with no charge conjugation 
symmetries. So the superconformal U{1)r can mix with these baryonic C/(l)'s. 
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implement in field theory, because the coefficients ( pTgl) get quantum corrections. But, on 
the AdS dual side, trr minimization becomes more useful and tractable, because the AdS 



duality gives a weakly coupled dual description of TR^^i and r^j, via (pT^). 

The problem of determining the superconformal U{1)r in the field theory maps to 
a corresponding problem in the geometry: determining which out of the ^7(1)"^ 

geometric isometries of toric Sasaki-Einstein spaces, is that of the Reeb vector. A solution 
of this mathematical problem was recently found by Martelli, Sparks, and Yau 0: the 
correct Reeb vector is that which minimizes the Einstein-Hilbert action on Y2n-i ^ this 
is referred to as "Z-minimization," |^. The mathematical result of was shown, on a 
case-by-case basis, to always lead to the same superconformal R-charges as found from 
a-maximization in the corresponding field theory, but there was no general proof as to 
why Z-minimization in geometry implements a-maximization in field theory. In addition, 
Z-minimization applies to general Y2n-i, whereas a-maximization is limited to 4d SCFTs, 
and hence the case of AdS^ x Y5. 

Our main result will be to show that the Z-minimization of Martelli, Sparks, and 
Yau is precisely equivalent to ensuring that the trr minimization conditions of 

are satisifed, i.e. Z-minimization = trr minimization. This demonstrates that Z- 



minimization in the geometry indeed determines the correct superconformal R-symmetry 
of the dual SCFT, not only for 4d SCFTs, but also for 3d SCFTs with dual We wiU 

also explain why it's OK that the U{1)^* baryonic U{1) symmetries did not enter into the 
geometric Z-minimization of @ : the condition ( p..9|) is automatically satisfied in the string 
theory constructions for all baryonic symmetries. 

The outline of this paper is as follows. In sect. 2, we review relations in 4d A/" = 1 
field theory for the current two-point functions, and the 't Hooft anomalies of the super- 
conformal U{1)r. We then show that these relations are satisfied by the effective AdS 5 
bulk SUGRA theory, thanks to the structure of real special geometry. In particular, the 
kinetic terms in the AdS^ bulk are related to the Chern-Simons terms, which yield the 
't Hooft anomalies of the dual SCFT. In the following sections, we discuss how these ki- 
netic terms are obtained from the geometry of Y; it would be interesting to also directly 
obtain the Chern-Simons terms from the geometry of Y, but that will not be done here. 
In sect. 3, we discuss the contributions to the kinetic terms in the AdS bulk. As usual, 
Kaluza-Klein gauge fields get a contribution, with coefficient {gl^j^)^^ , from reducing the 
Einstein term in the action on Y . Because of the background fiux in Y , there is also a 
contribution [gj])'^^ from reducing the Ramond-Ramond C field kinetic terms on Y . We 
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point out (closely following [jl^) that these two contributions always have the fixed ratio: 
[gj])^^ = \{Dc — l){gjj)^^ , for any Einstein manifold Y of dimension Dc. This relation 
will be used, and checked, in following sections. For the baryonic gauge fields, there is only 
the contribution {gjj)'~^'^ , from reducing the Ramond-Ramond kinetic term on Y . 

In sect. 4, we discuss generally how the gauge fields Ai alter Ramond-Ramond flux 
background, and thereby alter the Ramond-Ramond field at linearized level, as 5C = 
Ylii^i ^ fo^ some particular 2n — 3 forms uj on Y. We discuss how the Aj charges 
of branes wrapped on supersymmetric cycles can be obtained by integrating uji over the 
cycle, and how the Ramond-Ramond contribution to the gauge kinetic terms is written as 
~ jyUJi A *ujj. In sect. 5, we review some aspects of Sasaki-Einstein geometry, and the 



analysis of |jT^ for how to determine the form ujji for the U{l)ji gauge field. In sect. 6, 



we generalize this to determine the forms ujj for the non-R isometry and baryonic gauge 
fields. In sect. 7, we give expressions for the gauge kinetic terms g^j, and thereby the 
current-current two-point function coefficients tjj that we are interested in, in terms of 
integrals ~ jyUJi A *ujj of these forms. We note that this immediately implies that there 
is never any mixing in the kinetic terms between Kaluza-Klein isometry gauge fields and 
the baryonic gauge fields, i.e. that 

Tjj = automatically, for / = Kaluza-Klein and J = baryonic. (1-13) 



This shows that our condition ( |1.9| ) for the U{l)fi is automatically satisfied, for all baryonic 
symmetries, by taking U{1)r to be purely a Kaluza-Klein isometry gauge field, without 
any mixing with the baryonic symmetries. For the mesonic, non-R isometry gauge fields, 
the condition ( |1.9| ) becomes 

j^gabK''K^vol{Y)=0, (1.14) 

which give conditions to determine the t/(l)i? isometry Killing vector K"^. The condition 
( p..l4|) must hold for every non-R isometry Killing vector of Y, i.e. for every Killing vector 
-fCf under which the the holomorphic n form of C(Y2n-i) is neutral. 

In sect. 8, we summarize the results of Martelli, Sparks, and Yau for toric C{Y). 
Then 1^271-1 always has at least [/(l)"^ isometry, associated with shifts of toric coordinates 
4>i, and the U{1)r Killing Reeb vector K"^ is given by some components 6^, z = 1 . . . n, in 
this basis. The volume of Y and its supersymmetric cycles are completely determined by 
the bi, without needing to know the metric on Y. And the bi are themselves determined 
by Z-minimization H, which is minimization of the Einstein-Hilbert action on Y. In sect. 



9, we point out that Z-minimization is precisely equivalent to Tfifi minimization. We also 
discuss the flavor charges of wrapped branes. In sect. 10, we illustrate our results for the 
y^'"^ examples of 0,^. We find the forms ujj, and thereby use the fiavor charges of wrapped 
branes. We also compute from the geometry of Y the gauge kinetic term coefficients, and 
thus the current- current two-point function coefficients r/j. These quantities, computed 
from the geometry of 1", match with those computed in the dual field theory of 0; this 
gives new checks of the AdS / CFT correspondence for these theories. 

In the final stages of writing up this paper, the very interesting work appeared, 
in which it was mathematically shown that the Z-function ||^ of 5d toric Sasaki-Einstein 
Y5 and the atrial function fl^ of the dual quiver 4d gauge theory are related by Z{x, y) = 
l/a(a;, y) (even before extremizing) . The approach and results of our paper are orthogonal 
and complementary to those of Also in the final stages of writing up this paper, 

the work |]T^ appeared, which significantly overlaps with the approach of section 2 of our 
paper, and indeed goes further along those lines than we did here. 



2. 4d J\f = 1 SCFTs and real special geometry 

This section is somewhat orthogonal to the rest of the paper. The rest of this paper is 
devoted to deriving the AdS bulk gauge field kinetic terms gjj in ( |L^ ) and ( p..3|) directly 
from the geometry of Y. In the present section, without explicitly considering Y, we will 
discuss how the various identities of 4d A/" = 1 SCFTs are guaranteed to also show up in 
the effective AdS^ SUGRA theory, thanks to the structure of real, special geometry. 

Because the superconformal R-current is in the same supermultiplet as the stress 
tensor, their two-point function coefficients are proportional, oc Ct- Also, in 4d 
Ct oc c, with c the conformal anomaly coefficient in 

So trr oc c; more precisely, 

16 , , 

TRR = yc, (2.2) 

with c normalized such that c = 1/24 for a free A/" = 1 chiral superfield. Supersymmetry 



also relates a and c in (p.l| ) to the 't Hooft anomalies of the superconformal U{l)ji 

a = A(3Tri?3 _Tri?) c = ^{9TrR^ - 5TtR). (2.3) 
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Combining (2^) and (2^), we have 



TRR = ^Tri?3 _ (2.4) 



The flavor current two-point functions are also given by 't Hooft anomahes ||20|| : 



Tij = ~3Tr RFiFj. (2.5) 

There are precise analogs to the above relations in the effectively 5d A/" = 2 bulk 
gauged U(l) supergravity; this is not surprising given that, on both sides of the duality, 
these relations come from the same 5*^7(2, 2 11) superconformal symmetry group. 



The bosonic part of the effective 5d Lagrangian is (also see e.g. [^) C 



'bosonic 



+ ^CijkA' a a (2.6) 



where, to simplify expressions, we'll set the 5d gravitational constant K5 = 1 in this section. 
There are ny + 1 gauge flelds, 1=1... ny + 1, one of them being the graviphoton, which 
corresponds to the superconformal U{l)ii in the 4d SCFT. The ny gauge flelds correspond 
to the non-R (i.e. the gravitino is neutral under them) flavor symmetries, which reside 
in current supermultiplets J^, z = 1 . . .ny] the flrst component of this supermultiplet is a 
scalar, which couples to the scalars (p^ in ( |2.6|) . The scalars of the ny vector multiplets are 
constrained by real special geometry to the space 

Af=]:CijKX'X^X'' = 1. (2.7) 

The kinetic terms are all determined by the Chern-Simons coefficients Cjjk- In 
particular, the gauge field kinetic term coefficients gj] are given by 

97l = -\didj\YvNU=i = -\{CijkX'' - XiXj), (2.8) 

where Xi = ^CukX-^ X^ . In a given vacuum, where X^ has expectation values satisfying 
]), the ny scalars in (|2.6|) are given by the tangents Xf to the surface (|2.7| ), which satisfy 



CukXIx^X"" = 0. (2.9) 



^ The 5d SUGRA theory suffices for studying current two-point functions, and relations to 't 
Hooft anomahes, even if there is no full, consistent truncation from lOd to an effective 5d theory. 
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This can be written as XjXf = 0. The vacuum expectation value picks out the 
direction of the graviphoton A^., and the tangents Xf pick out the direction of the non-R 
flavor gauge fields: 

= aX'An + XlA,, (2.10) 

with a a normalization factor, to ensure that the R-symmetry is properly normalized, to 
give the gravitinos charges ±1. The correct value is a = 2L/3, where L is the AdS^ length 
scale, related to the value of the potential at its minimum by A = —Q/L"^. 

Using ( |2.1C1| ) and ( |2.8| ), we can compute the kinetic term coefficients for the gravipho- 
ton and non-R gauge fields. Using (|T]^) to convert these into the current- current 2-point 
function coefficients, we have for the R-symmetry/graviphoton kinetic term 

trr = 87v^Lg~% = Sn'^La^gJ^X^X-^ = Un'^La'^. (2.11) 

For the ny non-R gauge fields, we have 

nj = M^Lg-^ = M^LgjJxlX^ = -in^LCijKX^ X^ X"" . (2.12) 

It also follows from ( |2.8| ) and ( p.9|) , XiXf = 0, that there is no kinetic term mixing between 
the graviphoton and the non-R gauge fields: 

TR, = 871^ Lg^f = STv^LagYjX^X'^ = for aU i = 1 . . . ny- (2.13) 



This matches with the general SCFT field theory result ( |1.9|) of [|T3 |. 

The Chern- Simons terms for the graviphoton and fiavor gauge fields are similarly 
found from (|2.10|) . We'll normalize them as Cjjk /48 = /cjjk /967r^, where kjjK is the 



properly normalized 5d Chern-Simons coefficients, which map to the 't Hooft anomalies 
of the gauge theory: 

TyR^ = kRRR = 2n'^a^CijKX^X^X^ = Un^a^, (2.14) 

TrR^F, = kRRj = 2ii''o?CuKX'x'xf = 0, (2.15) 
where we used (|2.9|), and also 

Tri?F,F, = kR,, = 2'K^aCuKX'X-^Xf. (2.16) 

The field theories with (weakly coupled) AdS duals generally have Tri? = and also 
TrFi = 0. The result (|2.15| ) then reproduces the 't Hooft anomaly identity ( |1.12| ) of |1^ . 
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For TyR = 0, ( p^) becomes tuji = ^TvR^, which is reproduced by (|2.11| ) and (|2.14| ) for 
a = 2L/3 in (^TTg). Also the relation of which for Tri^ = is a = c = ^TtR^, is 
also reproduced by ( p.l4|) for a = 2L/3, since the result of is a = c = L^tt"^ in = 1 
units. The relation ( |2.5|) is also reproduced, for a = 2L/3, by ( p.l2|) and (|2.16|) . 

In later sections, we will be interested in computing the AdS^ gauge field kinetic terms 
Tjj directly from IIB string theory on AdS^ x Y5. To connect with the above expressions, 
we restore the factors of via dimensional analysis, and convert using 



TV 



8nG 
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4 ^0/(^5) 



^2.17) 



where ^0/(1^5) is the dimensionless volume of Y5, with factors of its length scale, which 
coincides with the AdS^ length scale L, factored out. The last equality of ( |2.17| ) uses the 
flux quantization / brane tensions relation (see [^5| and references therein) 

L'^VoliY,] 



V2G 



Ntt. 



(2.18) 
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E.g. using (|2.17| ) the result of becomes [p6 



IT 



a 



4 ^0/(^5) 



(2.19) 



and (|2.11| ) for a = 2L/3 becomes 



167r2 4N^ 



TT 



3 VoliY^) 



(2.20) 



In the following sections, we will directly compute the r/j kinetic terms from reducing 
SUGRA on Y. One could also directly determine the Chern-Simons coefficients Cjjk from 
reduction on Y , but doing so would require going beyond our linearized analysis, and we 
will not do that here. It would be nice to extend our analysis to compute the Cuk from 
y, and explicitly verify that the special geometry relations reviewed in the present section 
are indeed satisfied. 



3. Kaluza-Klein gauge couplings: a general relation for Einstein spaces 

Our starting point is the Einstein action m. Dt = D + Dc spacetime dimensions, along 
with the Ramond-Ramond gauge field kinetic terms: 

^/(ii,..l-iFA.F). (3.1) 
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We'll be interested in fluctuations of this action around a background solution of the form 
Mo X y, with Md non-compact and Y compact, of dimension Dc = p + 2, with flux 



Fp'^l*^ = {p+ l)m-^P+^^vol{Y), (3.2) 

and metric 

ds'^ = ds\j + m~^(isy. (3.3) 

Here is the length scale of Y , which we'll always factor out explicitly; vol{Y) is the 
volume form of Y , with the length scale again factored out. (We always use lower 
case vol{Y) for a volume form, and upper case Vol{Y) for its integrated volume.) Our 
units are such that the integrated flux is 



j Fllf ^iipm-^P+^^Vol{Y)^N, (3.4) 



with lip the p-brane tension. Our particular cases of interest will be IIB on AdS^ x Y5 and 
lid SUGRA on AdS4^ x Y7, but we'll be more general in this section. 

Metric fluctuations along directions of Killing vectors Kj of Y lead to Kaluza-Klein 
gauge flelds in M. Fluctuations of the Ramond-Ramond gauge fleld background, re- 
duced on non-trivial cycles of Y lead to additional, "baryonic" gauge flelds that we'll 
also discuss. In general, Kaluza-Klein reduction involves a detailed, and highly non- 
trivial, ansatz for how the Kaluza-Klein gauge flelds affect the metric and background 
fleld strengths. But here we're simply interested in the coefficients gjj of the gauge field 
kinetic term, and for these it's unnecessary to employ the full Kaluza-Klein ansatz: a 
linearized analysis suffices. 

The linearized analysis will be presented in the following section. In this section, 
we'll note some general aspects, and discuss a useful relation that can be obtained by 



a generalization of an argument in [^, that was based on the non-trivial Kaluza-Klein 
ansatz for how the Kaluza-Klein gauge fields modify the backgrounds. 

For Kaluza-Klein isometry gauge fields, both the Einstein term and the C field kinetic 



terms in (^3) contribute to their gauge kinetic terms: 

97] = fc^)^^ + te^)^^, (3.5) 

where {gjj)^^ is the Kaluza-Klein contribution coming from the Einstein term in ( |3.1j ) 
and {gjj)^'^ is that coming from the Ramond-Ramond C field kinetic terms in ( p.l|) . On 
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the other hand, if either / or J is a baryonic gauge field, coming from C reduced on a 
non-trivial cycle of Y , then only the dC kinetic terms in (|3.1|) contribute 



9ij = \9ij) ^ if / or J is baryonic. (3.6) 



Let's review how the Kaluza-Klein contribution in ( p.5| ) is obtained, see e.g. [^. Let 
be coordinates on Y, and Kf{y) isometric Killing vectors (/ labels the isometry). The 
one-form d(f)j dual to Kj is shifted by the 1-form gauge field Ai{x) = Ajdx^, with x'^ 
coordinates on M. This variation of the metric leads to variation of the Ricci scalar 



_2 

m 



R^R- -^9a,{y)K1{y)K%y){Fj)^,{FjY^ , (3.7) 

where ds\ = gabdy°'dy^ is the metric on Y, with the length scale factored out. Since 
( P77| ) is already quadratic in Aj, we don't need to vary ^/\g\. The contribution to the 
Kaluza-Klein gauge field kinetic terms coming from the Einstein action is thus 

_-(D,+2) f 



In [^, the Killing vectors are normalized so that the gauge fields have canonical kinetic 
terms, and then what we're referring to as the "coupling" becomes the "charge" unit; here 
we'll normalize Kf and gauge fields so that the charge unit is unity, and then physical 



charges governing interactions are given by what we're calling the couplings g^J. 



As an example, it was shown \2l] that reducing the Einstein action on a D^, dimensional 
sphere, Y = S^" of radius leads to SO{Dc + 1) Kaluza-Klein gauge fields in the 
uncompactified directions, with coupling El 



(^"^)^^= ^ ^ ,n 2 for Y = S^% (3.9) 

with Gd = Got'iT^^" /Vol{Y) the effective Newton's constant in the uncompactified M^. 
In fl^, it was pointed out that ( p^) , applied to lid SUGRA on 5"^, with Freund- 



Rubin fiux for the Ramond-Ramond gauge field, would be incompatible with the 4d A/" = 8 



5*0(8) SUGRA of [|2^, but that properly including the additional contribution from the 



Ramond-Ramond fields fixes this problem. In our notation above, it was shown in 
that the full coupling of the SO{8) gauge fields in the AdS^ bulk is 

9-' = i9-')KK + (g-'hc = ^gA = iQ^G.m^ ^ (3-10) 
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which is now perfectly compatible with the 4d A/" = 8 theory of |28[ . 



We here point out that, for general Freund-Rubin compactifications on any Einstein 
space Y of dimension Dc, there is always a fixed proportionality between the Einstein and 
Ramond-Ramond contributions to the Kaluza-Klein gauge kinetic terms: 

iallf' = ^fe^)^^, (3.11) 



of which (|3.10| ) is a special case. Our relation (|3.11| ) follows from a generalization of the 
argument in [|16[. In a KK ansatz like that of ( p.lO|) , the contribution to gyj from the 



Ramond-Ramond kinetic term in (|3.1| ) is 

iallf' = ^^^^ I Iga^V^K^V^KWiY) = ^{97])^^. (3.12) 

In the last step, there was an integration by parts, use of — Vc W^Kf = R^Kj, use of 
Rab = {Dc — l)m'^gab since Y is taken to be Einstein, and comparison with (|3.8|) . We will 
check and verify the relation ( |3.11|) more explicitly in the following sections. 

As a quick application, we find from ( |3.9| ) and (|3.11j ) that reducing lOd IIB SUGRA 
on 5"^ leads to a theory in the AdS^ bulk with SO{6) gauge fields with coupling 

9so{6) = ^9so{&))^^ + (fi'so(6))'^'^ = '^^9so{&))^^ = IGnGs ' (3.13) 

where = L is the radius of the 5"^, and also the length scale of the AdS^ vacuum. The 
result ( |3J3| ) agrees with that found in [|9| for 5d A/" = 8 SUGRA: the SO{5) invariant 



vacuum in eqn. (5.43) of |j2^ has, in 47rG'5 = 1 units, R^i, = g^g^v] thus g ^ = L^/4 = 
L^/IOttCs, in agreement with ( |3.13|) . Using ( |2.17|) , with Vol{S^) = tt"^, gives tso{6) = 
Sn^Lg-^ = nL^/2G5 = N"^ . On the other hand, ( ^^201 ) here gives trr = AN'^ /?,. We can 
also verify trr = 4N'^/3 by direct computation in the A/" = 4 theory (where the free field 
value is not renormalized) . The apparent difference with the above Tsoie) is because of 
the different normalization of the U{1)r vs. S0{6) generators. 

The relation ( p.ll| ) will prove useful in what follows, because the Ramond-Ramond 
contribution {gjj)'^'^ is sometimes, superficially, easier to compute than the Kaluza-Klein 
contribution ( |3.8| ). Thanks to the general relation ( |3.11| ), the full coefficient of the kinetic 
terms for Kaluza-Klein gauge fields can be computed from [gj])^^ as 



97] = (^7;)"" + {97])'' = ^^i97]f'- (3.14) 
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4. Gauge fields and associated p-forms on Y 

The linearized fluctuations of the gauge flelds modify the background as 

{p + l)m-'^P+^\ol{Y) + d ui A Ai^ , (4.1) 
and hence, writing F = dC, 

C,+^^Cl%' + J2^jAAi (4.2) 

Here Aj are all of the gauge fields, both Kaluza-Klein and the baryonic ones coming from 
reducing Cp+i on non-trivial p cycles of Y. 

So every gauge field Aj enters into Cp+i at the linearized level, and we'll here be 
interested in determining the associated form uj in (|4.2|) . The associated with Kaluza- 
Klein gauge fields Aj are found from the variation of vol{Y) in (|3.2|) by the linearized shift 
of the 1-form, dual to the Killing vector isometry Kj, by Aj: 

vol{Y) ^ vol{Y) + d (^Qi A Ai^ , with duj = iKiVol{Y). (4.3) 



Using this in ( [1.1|) gives (4^), with associated p-form ui = {p + l)m '^p+^^cD/ on Y. 



Note that this definition of the uj is ambiguous under shifts of the uj by any closed p 
form. Shifts of uji by any exact form will have no effect, so this ambiguity in defining the 
uj associated with Kaluza-Klein gauge fields is associated with the cohomology Hp{Y) of 
closed, mod exact, p forms on Y . 

The baryonic gauge fields Aj enter into (f4.2| ) with ujj running over a basis of the 
cohomology Hp(Y) of closed, mod exact, p-forms on Y. The ambiguity mentioned above 
in the Kaluza-Klein gauge fields corresponds to the freedom in one's choice of basis of 
the global symmetries, as any linear combination of a "mesonic" fiavor symmetry and any 
"baryonic" fiavor symmetry is also a valid "mesonic" fiavor symmetry. 

Branes that are electrically charged under Cp^i have worldvolume coupling fXp J Cp+i, 
with fip the brane tension. Wrapping these branes on the non-trivial cycles E of Hp{Y) 
yield particles in the uncompactified dimensions, and ( [4.2|) implies that these wrapped 
branes carry electric charge 

qj{j:) = fip [ CO I (4.4) 
13 



E 



under the gauge field Aj. 

Plugging ( |4.2D into -Fp+2 kinetic terms in gives what we called the (gYj)'^^ 

contribution to the gauge field kinetic terms to be 



.2,cc_ 1 f . . _ (p+l)2m-<>'+'') 



where = (p + l)m~^P^^^u}i and *a;/ = (p + l)m~^ * Qj 

We will use ( |4.5|) , together with ( p.l4|) for Kaluza-Klein gauge fields, or (|3.6| ) for 
baryonic gauge fields, to compute the coefficients gjj of the gauge field kinetic terms in 
AdSd+i- These are then related to the coefficients, r/j, of the current-current two-point 
functions in the gauge theory according to (p..3|). 



5. Sasaki-Einstein Y, and the form ujji for the R-symmetry. 



The modification ( [4 .21) for the t^(l)_R gauge field, coming from the U{l)ji isometry of 
Sasaki-Einstein spaces, was found in which we'll review in this section. 
The metric of Sasaki-Einstein Y2n-i can locally be written as 

1 

— I 

' n 



ds\Y) = {-d^' + af + ds\^_^y (5.1) 



with dsif IN a local, Kahler-Einstein metric, and 

da = 2J dn = nia A O, (5.2) 

with J the local Kahler form and O the local holomorphic (n — 1, 0) form for ds2(^^_iy In 
the coordinate i(; = ip' /q was used, in order to have the range < < 27r; q is given 
by nda = 2nqci, with ci the first Chern class of the U{1) bundle over the n — 1 complex 
dimensional Kahler-Einstein space with metric ds2f^^_iy The ^7(1)^ isometry is associated 
with the Reeb Killing vector 

It is convenient to define the unit 1-form, dual to the Reeb vector, of the f/(l)fl fiber 

= -dil;' + a. (5.4) 
n 

Note that de'^ = da = 2 J. The volume form of 1^2n-i is 

vol{Y2n-i) = T-^^^"^ ^ (5-5) 
(n — Ij! 
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Following the linearized effect of the ^7(1)^ isometry (|5.3|) Kaluza-Klein gauge 
field is found by shifting 

(5.6) 



n 



where the coefficient of Ar is chosen so that the symmetry is properly normalized: 

the holomorphic n-form on C{Y), which leads to superpotential terms, has R-charge 2. 
The shift (|5.6|) affects the volume form ( |5.5|) as 



V0l{Y2n-l) ^ V0l{Y2n-l) + ^Ar A J""! - -dA^ A 6^ A J^'^, 



ni 



ni 



(5.7) 



where the last term in ( |5.7| ) was added to keep the form closed: 

V0liY2n-l) ^ V0liY2n-l) + d (^^6^ A J'^'^ A Aj^ . 



(5.8) 



The shift ( ^T8|) alters the Ramond-Ramond flux background -F2n-'i (|4-1|) , and thus 
alters C2n-2 as in (^.2|), 5C2n-2 = i^i? A A^^, with the 2n — 3 form given by 



(2n - 2)m-(2'^-2) n\ 
In particular, for type IIB on AdS^ x Y5, the background flux is 



(5.9) 



;^bkgd 



(5.10) 



and (^]^) alters the C4 on Y5 as in 



1 



with 3-form ujr given by ||17|| : 
1 



i^R = J^^R = A J, for Fg. 



(5.11) 



For lid SUGRA on 74^5*4 x Y7, the effect of (|5.8|) on the Ramond-Ramond flux 



Fr = 6{2L)^vol{Y7) 



(5.12) 



leads to a shift as in ( [4.2|) of Ce, by ujr A Ar, with 5-form ujr given by [|T7 



cDi? = -T^TTrUjR = A J A J. 

6(2L)6 24 



(5.13) 



Wrapping a brane on a supersymmetric 2n — 3 cycle E of y yields a baryonic particle 
By, in the AdSd+i bulk, dual to a baryonic chiral operator in the gauge theory. It was 
verifled in [jl^ that the R-charges assigned to such objects by the forms (|5.11| ) and ( |5.13| ) 
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are compatible with the relation (|1.7| ) in the dual field theory. Using (5^), the R-charge 
assigned to such an object is related to the operator dimension A as 

R[Bj:] = ^2n-3 / UJR = -^2n-3m-(2"-2) / ^^^^ ^ J^~^ 

= -^2n-3m-(2-2)yo/(E2.-3) = ^^A[Se]. 
Ti Tllj 

In going from the first to the second line of ( |5.14| ) , we used the fact that the supersymmetric 
2n — 3 cycles in Y are calibrated, with fo/(E) = A J"^~^/(n — 2)!. For both IIB on 
AdS^ X Ys and M theory on AdS4 x Yj, (|5.14| ) matches with the relation ( pT7| ) in the 4d 
and 3d dual, respectively [1^]: in the former case, = L and n = 3 in (|5.14| ), and in 
the latter case = 2L and n = 4. 

The (U2n-3"^~'^^"^~^-' factor in ( ^.14|) is proportional to N/Vol{Y) by the fiux quanti- 
zation condition. For AdS^ x Y^, using ( p.l8|) then gives flj 



.(E,^H.3LVo,E,^f|^. (5.15) 



For M theory on AdS4 x I7, the fiux quantization condition (see e.g. the recent work pO[] ) 

6{2LfVol{Y7) = {2'KliifN, (5.16) 
where 167rG'ii = {2'Kf^\^. Using the M5 tension //g = l/{2^:Y^\^, ( pl^ ) then gives 



3 voi{Y,y ^^-^^^ 



6. The forms ujj for other symmetries 

In this section, we find the forms entering in ( [4.2| ), for the non-R fiavor symmetries. 
Those associated with non-R isometries are found in direct analogy with the discussion of 



TTH , reviewed in the previous section, for ujn. We re- write (|5.5| ) as 

1 



voliX,^-.) = ^n-i^^_^y e^ A {de^r-\ (6.1) 
Under a non-R isometry, the form ( |5.4|) shifts by 



-^e^ + h,{Y)AF,, 
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(6.2) 



with the functions hi(Y) obtained by contracting the 1-form a in ( |5.4| ) with the KiUing 
vector Ki for the flavor symmetry, 



h,{Y)=iK,a = gabK''Kl (6.3) 



The last equality follows from ( |5.1| ): tRi'^ can be obtained by contracting the Reeb vector 
X" and the general Killing vector K'^, using the metric ( |5.1| ). 

In the last section, for only the first e'^ factor in ( |6.1|) was shifted, as that 

e'^ factor is associated with the U{1)r fiber, where acts. Conversely, since non-R 

isometries do not act on the U{l)ii fiber, but rather in the Kahler Einstein base, we should 
not shift the first factor in (|6.1|), but instead shift the n — 1 factors of de'^ in (|6.1|). 
Effecting this shift gives 

Svol{Y2^.,) = ^n.i(l_^y_ {e"^ A d{h,{Y)AF,J A (rfe'^)"-^ - de^ A h,{Y)AF^ A (rfe^)"-^) , 

(6.4) 

where the last term was added to keep the form closed: 

5voliY2n-i) = -d (^ ^^^^^^, /i.(y)e^ A A Ap^ . (6.5) 

Effecting this shift in F^^^'^ leads to 5C2n-2 = ^Fi ^ with 2n — 3 form u^Pi'- 

= = - ^ ^ „ h,iY)e^ A J"-2 = -!^^!^^h,{Y)uR. (6.6) 

(2n - 2)m-(2"-2) 2(n-2)! ^ ^ 2 ^ ^ ^ 



Aside from the factor of —^n{n — l)hi{Y), ivpi is the same as for uji, as given in (|5.9[ ) 
In particular, for IIB on AdS^ x Y5 we have 



Sf, = 1^ = -lh,iY,)e^ A J = ~3h,{Y,)QR, (6.7) 



and for M theory on 74^5*4 x Y7 we have 



= ^(^'^f. = -|^^(^7)e^ A J A J = -6/1,(^7)^;^. (6.^ 



As reviewed in (|5.14|) , the R-charge of branes wrapped on supersymmetric cycles S is 

= -;U2n-3m-(2-2) / ^;oZ(E). (6.9) 
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Using (6^), the flavor charges of these wrapped branes can similarly be written as 



F,[B^]=H2n-3 [ Cc;^, = -(n - l);U2n-3m-(2— 2) / h,Vol{E) 
JT. JT, 



mn 



1) or. 1 kh^vom ^6-1°) 



2 ' i^vom ■ 

In particular, for IIB on AdS^ x Y5, we have 

F.IB.] = / h.vom = -3ii[BdiM5). (6.11) 

The baryonic symmetries, coming from reducing C2n-2 on the non-trivial (2n — 3)- 
cycles of Y2n-i, also alter C2n-2 at linear order as in ( |4.2D , 5C2n-2 = A A^^, where 
the 271 — 3 forms are representatives of the cohomology if2n-3(^, Z)- These can be 
locally written on l2n-i as 

c^B, = A;,e'^ A ?7„ (6.12) 

where 77^ are 2(n — 2) forms on the Kahler-Einstein base, satisfying drji = 0, and 77^ A J = 0. 
The normalization constants ki in (|6.12| ) are chosen so that ^2n-3 J-^'-^Bi is an integer for 
all (2n — 3)-cycles E of l2n-i- 

As mentioned in sect. 4, this construction of the forms toPi involves integrating an 
expression for dujpi, so there's an ambiguity of adding an arbitrary closed form to copi- 
Since addition of an exact form would not affect the charges of branes wrapped on closed 
cycles, the interesting ambiguity corresponds precisely to the same cohomology class of 
forms as the u^b^- This is as it should be: there is an ambiguity in our basis for the 
mesonic flavor symmetries, as one can always re-define them by arbitrary additions of the 
baryonic flavor symmetries. The form ( |6.6| ) for cup- corresponds to some particular choice 
of the basis for the mesonic flavor symmetries. In the fleld theory dual, it may look more 
natural to call this a linear combination of mesonic and baryonic flavor symmetries. 



7. Computing tjj from the geometry of Y 



The expressions (|4.5|) for the Ramond-Ramond kinetic term contribution {gjj)'~''^ is 



(9 



-2\CC 



IJ . 



1 

IGnGot Jy 



ui A *uj 



(2?i - 2)2m-(2-+i) 



167rG' 



Dt 



ui A *uj 



(7.1) 



Y 
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and the Einstein action contribution (|3.8|) is 



-(2n+l) 

fc')^^ = -TT-PT- / 9atKfK'}vol{Y2rr-iy, (7.2) 

again, the length scale is factored out of the metric and volume form. As discussed in 
sect. 3, for gauge fields associated with isometries of Y, and in particular the graviphoton, 
we add the two contributions, gjj = (^777 )*^*^ + (fi'Z/ )^^' whereas for baryonic symmetries 
there is no contribution from the Einstein action, so gjj = {gYj)'~^'~^ ■ 
Our claimed general proportionality ( 3.11J ) here gives 



fe^)^^ = (n-l)fe^)^^ (7.3) 

which implies that 

4(n-l)/ QiA*Q.j= [ gatKfK'}vol{Y2n-i). (7.4) 

As we'll see, this relation can look non-trivial in the geometry. 
To compute (gYj)'^'^ from ([7.1|), we first note that (|5.9| ) gives 

!:i^ = l.e*Aj"- = !i^J, (7.5) 

[2n — 2)m n! n! 

and then, using ([5.5|), gives 



(n — 2) 

UR A *UR = \ ol{Y2n-i). (7.6) 

nin 

In particular, for the ^7(1)^ graviphoton, we obtain 

IottG Dt ^'^ 
For the mixed kinetic term between U{1)r and non-R isometries C/(l)i?. , 

-2 ^cc (2^ - 2)2m-(2"+i) (n - 2) / n(n - 1) 



For the t/(l)F- and U{l)Fj kinetic terms, we similarly obtain 
-2 ^cc _ (2?^ - 2)2m-(2^+i) (n - 2) f n{n - ly 



- ^-^tci;^ ^ I / (7.9) 



Y 
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For U{l)Bi symmetries, we have 

= TT^T^ / A = ^ TTTT^ r / A 77, A J = 0, 7.10 

where we used ( |6.12| ) for ujBi , ([7.5|), and we get zero immediately from 77^ A J = 0. Likewise, 

^/r'b. = 0, (7.11) 



for any isometry symmetry F^, since (|6.6|) gives ujpj oc o^i?, so *uJFi oc J, and we immediately 
get zero in ( [7.11|) again from 77^ A J = 0. As mentioned in the introduction, there is thus 



never any kinetic term mixing between any of the isometry Kaluza-Klein gauge fields and 
any of the gauge fields coming from reducing the C fields on non-trivial homology cycles 
of Y. Finally, for the baryonic kinetic terms, we have 

" 16i!gd Iy ''^'"'^^ ^"^"^ ^'^■"^^^ 

where *b acts on the 27i — 2 dimensional Kahler-Einstein base. 

For the isometry (non-baryonic) gauge fields, we have to add the Kaluza-Klein con- 
tributions, {gjj)^^ , from the Einstein action, to the kinetic terms. These can either 



be explicitly computed, using (ff?^), or one can just use our relation { \L% ) to the above 
Ramond-Ramond contributions. It's interesting to check that our relation ( |7.4| ) is indeed 
satisfied. For example, the Kaluza-Klein contribution {g^jji)^^ is 



m 



-(2n+l) [■ (2n+l) A 

/ gabK''K\ol{Y2u-i) = —— ^Vol{Y2n-i), (7.13) 



leTrGot Jy^^ 

where we used the local form of the metric ( p.l|) , and t^(l)i? isometry Killing vector 
rescaled by the factor in (|5.6| ) to have ViX)^ properly normalized. Comparing with ( [7.7|) , 
our relation ( [7.4] ) is indeed satisfied for both of our cases of interest, 7^ = 3 and 7i = 4, 
appropriate for IIB on AdS^ x Y5 and M theory on AdS^^ x Y-j, respectively. 

Our main point will be that the t^^^r^ minimization condition ( p..9| ) of |]T^ requires 
( [TBI ) to vanish, Ti^p.^O: so we must have 



K{Y)vol{Y) = / iK^avoliY) = / gabK'^K^ = 0, (7.14) 
Y Jy Jy 

for every non-R isometry Killing vector Kf. We know from the field theory argument 
of ( p..9| ) that the conditions ( [7.14|) must uniquely determine which, among all possible R- 



symmetries, is the superconformal R-symmetry. Correspondingly, ( |7.14| ) determines the 
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isometry K, from among all possible mixing with the K"-. As we'll discuss in the following 
sections, the Z-minimization of [Q] precisely implements ( [7.14| ) (in the context of toric 
C{Y)). Also, (|7.12|) implies that the condition rm of [l^] is automatically satisfied for 
baryonic ^/(l)^.. This is the reason why the Z-minimization method of |^ did not need 
to include any mixing of ^7(1)^ with the baryonic U{1)b symmetries. 

For future reference, we'll now explicitly write out the above formulae for our cases of 
interest. For IIB on AdS^ x Y5, we have n = 3 and = L, so is 

r?f . S^^HgjJf^ = 1^ u,, A = j^^ A (7.15) 

where we used ( |2.18|) to write the result in terms of A^. For / or J baryonic, this is the 
entire contribution: 

IGA^^TT^ f 

Tij = X / Qj A *Qj, for / or J baryonic. (7.16) 

Vol {¥5)^ Jy^ 



07^2 7-8 r A^2 3 r 



For isometry gauge fields, we add this to 

or, using relation ( p.ll|) , we simply have 

Tij = -rff = I Qj A *u}j, for / and J Kaluza-Klein. (7-18) 

2 VoliY^)^ Jy^ 

In particular, for the ^7(l)i? kinetic term we compute 

= I ^ = TTZTTTTT^ I A J A J = 7^77777^, (7.19) 

and 



VoliY5)^JY, - ^ VoliY^)^ Jy,36^ """" WoliY^) 



verifying ( |3.11|) . The total for the graviphoton kinetic term coefficient then gives 

TRR = Tnn + Ti,!, =^y^y (7.21) 

This agrees perfectly with the relation (|2.2| ) and (|2.4| ), given ( |2.19| ). 
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For the kinetic terms for two mesonic non-R symmetries, (|7.18 ) gives 



TT 



X / hihjVoliY^] 

Jys 



(7.22) 



The relation ( |3.11| ), rjy = j , which was aheady used in ( |7.22| ) can be written as 



/ gabR'^pAvoliY,) = 4 [ h,hjVol{Y,) = 4 [ gac9bdK^K''K''p^K''^^vol{Y,). (7.23) 



Likewise, using (|7.16| ), the kinetic terms for two baryonic flavor symmetries are 



2^^ Ar7i A *(e'^ A-qj). 



(7.24) 



For M theory on ^^54 x Yy, we set n = 4 for Y7, and m ^ = 2L for its length scale, 
in the above expressions. Then we obtain from (|7.1| ), using also ( p..3| ) with d = 3, 



-2\CC 



IJ 



47r(6)2(2L)' 



leyrGii 

Using the flux quantization relation (|5.16| ), (|7.25| ) becomes 

487r2iV3/2 



(7.25) 



^cc _ 



uji A uj. 



(7.26) 



Using ( |3.8|) we can also write the Kaluza-Klein contribution, as 

47r2iV3/2 



r 



f/^4.{gj])^^ 



gabK^K'jVoliYr). (7.27) 



3VQ{Vol{Y7))y^ Jy, 

For trr, (^ gives 

^cc_ ^^Ar3/2 

^JWol{YJ)' 

The Kaluza-Klein contribution is given by ( [7.2|) , with QabK^Kj^ = (1/2)^ from (|5.6|) , so 

7r2iV3/2 



(7.28) 



^RR 



(7.29) 



3v/6yo/(y7)' 

Comparing ( [7.28] ) and ( |7.29D , we verify that = 3r^^, in agreement with our general 
expression ( |3.12D (specializing Y7 = S'^ gives the case analyzed in [|TB[). The total is 

47r2Ar3/2 



3y/6Vol{Yr)' 
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(7.30) 



We can compare ( [7.3C1| ) with the 3d Af = 2 gauge theory proportionahty relation 

rRR = Y^'t in (i = 3, (7.31) 

where Cy is the coefficient of the stress tensor two-point function. Along the lines of 
ll^,^, the central charge Ct is determined in the dual, from the Einstein term of M 
theory on AdS/^ x Y7, to be 

Ct = \ ' (7.32) 



so ( [7.30|) indeed satisfies (|7.31| ). As a special case, for I7 = 5"^, Vol{S'^) = and ( |7.30| ) 
gives Tnn = {2Nf/^/3. 



For two non-R isometries , we have from (|7.25|) and (|7.3| ), for AdS4^ x I7 



4 2/2/V13/2 

rF.F, = -,r^F?F^ = , ,L^^,,, I {Q?Kh,vol{Y). (7.33) 



3 ""''^ 3^{Vol{Y7)f/^ Jvr 



8. Toric Sasaki-Einstein Geometry and Z-minimization 

In this section, we'll briefiy summarize some of the results of 0. Consider a Sasaki- 
Einstein manifold Ym-i-, of real dimension 2n— 1, whose metric cone X = C{Y) ( |1.4| ) is a lo- 
cal Calabi-Yau n-fold. The condition that ( |1.4| ) be Kahler is equivalent to y = X|j,=i being 
Sasaki, which is needed for the associated field theory to be supersymmetric. The complex 
structure of X pairs the Euler vector rd/dr with the Reeb vector K, K = 1{rd/dr). This 
is the AdS dual version of the pairing, by supersymmetry, between the dilitation generator 
and the superconformal R-symmetry, respectively. The physical problem of determining 
the superconformal R-symmetry among all possibilities ( p..8| ) maps to the mathematical 
problem of determining the Reeb vector among all U{1) isometries of Y . 

When X = C{Y) is toric, it can be given local coordinates (|/\ 4>i), i = 1 . . .n, and 
both C{Y) and Y have a U{1)"' isometry group, associated with the torus coordinates 
<pi ^ 'pi + 27r. It is useful to introduce both symplectic coordinates {y\(j)i) and complex 
coordinates [xi^cpi). In the symplectic coordinates, the symplectic Kahler form is simply 
uj = dy"^ A dcpi, and the metric with toric [/(I)" isometry takes the form 



ds'^ = Gijdy'^dy^ -f dcpidcpi, 
23 



(8.1) 



with G^^ the inverse to Gij{y), and = d'^G/dy^dy^ for some convex symplectic potential 
function G{y). In the complex coordinates, Zi = Xi + the metric is 

ds^ = F'^dxidxj + F'^ d(j)id(j)i, (8.2) 

and F^^ = d'^F{x) /dxidxj, with F{x) the Kahler potential. The two coordinates are 
related by a Legendre transform, = dF{x)/dxi and F'^^x) = G'^^ {y — dF/dx), with 
F{x) — [yidG / dyi — G){y). The holomorphic n-form of the cone X — C{Y) is 

iln = e^i+'^'^i (dxi + id(f)i) A ... A (dxn + id^n)- (8.3) 

The Reeb vector can be expanded as 

K = h~, (8.4) 
d(pi 

and its symplectic pairing with r-^ implies that 

hi = 2Gijy\ note: hi = constant. (8.5) 

The problem of determining the superconformal R-symmetry maps to that of determining 
the coefhcients hi, i = l...n. The component bi is fixed to 6i = n by the condition 
that Ck^u = inQrn which is the condition that U{l)fi in the field theory is properly 
normalized to give the superpotential charge R{W) = 2. The remaining n — 1 components 
hi are unconstrained by symmetry conditions, corresponding to the field theory statement 
that U{1)r can mix with an C/(l)"~^ group of non-R fiavor symmetries. 

The space X = C{Y) is mapped by the moment map, /i, where one forgets the 
angular coordinates 0j, to C = {y\{y,Va) > 0}, where Va G Z"^, for a = 1 . . .d, are the 
"toric data". The supersymmetric divisors Da of X are mapped by /j, to the subspaces 
{y, Va) = 0; here a = 1 . . .d label the divisors {d here, of course, is unrelated to the 
spacetime dimension d of our other sections). The Sasaki-Einstein Y is given by X\r=i, 
and r = 1 gives 1 = bibjG'^^ = 2{h,y). It is also useful to define Xi = X|j.<i, with 
jJL{Xi) = Aft = {y\{y,Va) > 0, and {y,h) < |}. The supersymmetric 2n — 3 dimensional 
cycles of y, for a = 1 . . . d, have cone Da = C{T,a) which are the divisors of X, and 
/i(Sa) is the subspace J^a of with (j/, v"") = 0. 

The volume of Y and its supersymmetric cycles are found from considering their 
cones in Xi, which are calibrated by the Kahler form uj = dy^ A d(f)i. This gives 

VoUY) = 2n(2TTrVol(Ab), VoUl^a) = (2n - 2) ( 2nr-^ -^VoUTa)- (8.6) 

Pal 
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As shown in 0, J2a j:^\^(^h(^a)iva)i = 2nVol{Ai,)bi, from which it follows that these 
volumes satisfy tt J2a ^'^K'^a) = n{n — l)Vol{Y). (This ensures that superpotential terms, 
associated in the geometry with the holomorphic n-form, have R{W) = 2.) 

The key point is that the full information of the Sasaki- Einstein metric on Y is not 
needed to determine the volumes ( |8.6| ); the weaker information of the Reeb vector 6* and 
the toric data Va suffice. 

Moreover, the Reeb vector 6, can be determined from the toric data [01 . This fits with 



the fact that the toric data determines the dual quiver gauge theory (see e.g. and 
references cited therein), from which the superconformal R-charges can be determined. 
The Z-minimization method of for determining the Reeb vector is to start with the 
2n — 1 dimensional Einstein-Hilbert action for the metric g on Y^n-i'- 

S\g\ = j^{Rg + 2(n - 1)(3 - 2n))vol{Y), (8.7) 

including the needed cosmological constant term associated with the added fiux. Though 
( p.7|) appears to be a functional of the metric, it was shown in that it's actually only a 
function of only the Reeb vector: 

S[g] = S[h] = 47r 5^ Voh{T.a) - 4(n - lfVoh{Y). (8.8) 

a 

The full information of the metric is not needed, the weeker information of the Reeb vector 
suffices to evaluate the action. 

As shown in |^], the condition that h be the correct Reeb vector, associated with a 
Sasaki-Einstein metric, is precisely the condition that the action (|8.8|) be extremal: 



Defining 



l-SM = 0. (8.9) 



Z[b] = ^ = ih - (n - l))2nVol{At), (8.10) 

the equation ( |8.9| ) for i = 1 gives bi = n, which is just the condition that the holomorphic 
n-form transforms as appropriate for a t^(l)_R symmetry. Following P], define 

Z[b2,...bn]=Z\b,=n = 2nVok{A)\b,=n. (8.11) 
The equations ( ^^ ) for z 7^ 1 give, upon setting bi = n, 

= —Z[b] = -2(n + 1) / y.dyi ...dy^ for z 7^ 1. (8.12) 
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These are the equations that determine the components bi, for i = 2.. .n, of the Reeb 
vector, i.e. that pick out the superconformal U{1)r from the ^7(1)"^ isometry group 0. 
The correct Reeb vector minimizes Z, since the matrix of second derivatives is positive [H 



oc 



dbidbj 



[ y,yjda>0. (8.13) 



9. Z-minimization = tuji minimization. 

Let's write and (g^ as 

Z[b2,...b^]=2nVoh{A) = -L^Voh{Y)\t„=n, (9.1) 
so Z minimization corresponds to minimizing the volume of Y, over the choices of 



62,..., 6n, subject to bi = n. This can be directly related to Tjm minimization ||T3 
i.e. minimization of the U{l)ii graviphoton's coupling, since 

rd— 3™ — (2n+l) 

TRR = a ^ Vol{Y). (9.2) 

The constant Cn is obtained from adding the contributions (|7.7| ) and ( [7.13| ) and using the 
relation (|1.3|). Let us now consider the quantity ( |9.2| ), but with Vol{Y) promoted to the 
function Volb{Y), depending on components 62, • • • of the Reeb vector: 

rd—3^ — {2n+l) rd-3™-(2n+l) 
TR.R, [62, . . . , 6n] = a ^ V0h{Y) = C„(27r)-^— — Z[62, . . . , 

(9.3) 

For the superconformal U{l)ii values of 62, . . .^n, '^RtRt — ^RR- 

If we hold L'^~^m~^'^'^~^^^ /Gct fixed, ( p73| ) suggests a direct relation between Z and 
minimization. Physically, we should hold the number of fiux units fixed, i.e. use 

the fiux quantization relation to eliminate L'^~^m~^'^'^~^^^ /Got in favor of N/Vol{Y). In 

particular, for IIB on AdS^ x Y5 and M theory on AdS4 x Kt, 

MS. .Y.:C„ ^ - (— ) , 

Using these in ( |9.2|) shows that, for fixed A^, Tfm is actually inversely related to Vol{Y). 
Prom that perspective, it would seem that Z minimization instead maximizes trr, which 
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is opposite to the result of [13| that the exact super conformal U{l)ji minimizes thh. To 
avoid this, we do not promote the constant Vol{Y) in the flux relations ( |9.4D to the function 
VolbiY) of the Reeb vector, but instead there hold it flxed to its true, physical value. Then 
the function TJl^Jl^[b] (|9.3| ) is simply a constant times the function Z[b] of 0. 
To use the formulae of our earlier sections, consider the Killing vectors 

X = X^^ (9.5) 

for the t/(l)'^ isometries of toric Y2n-i- R-symmetries, and in particular the Reeb vector, 
have xi = and non-R isometries have xi = 0- As we discussed in sections 5 and 6, 
the isometry d4>^ — > + has an associated 2n — 3 form, which is found from the 
associated shift e'^ —>■ e'^ + h^{Y)A^. For the R-symmetry, this comes from the shift of 
dt/j' , and for non-R flavor symmetries the shift is via = i^a. Using the second equality 
in ( |6.3|) , we have 

h^{Y) = F^^hxj = G'^hxj = 22/^X^ = 2(r2^, x), (9.6) 

with the inner product with as in For the Reeb vector, ( |9.(j| ) gives hx = 1, since 
the cone r = 1 has 1 = h^h^G'^ = 2(6, y) §. 

For the non-R isometries, we can take as our basis of Killing vectors e.g. x*^*^ = 
so xl*'* = ^ij: for i = 2 . . .n. Then ( p?6|) gives simply 



h^i.) = 2y\ (9.7) 

In this basis, where ^7(1)^. is associated with Killing vector the Fi charge of a brane 
wrapped on cycle E is 

= -(n-l)^2n-3m-(2-2) j 2y'vol{T.) 

i ^^ mR i ^^^^^^^ ' ^'"'^ 
= -n(n - 1) . mB^\ . -jj^;^ 

In particular, for IIB background AdS^ x Y5, we have 

F,\B^\ = -T^^, [ y^vol{E), (9.9) 
VoliY^) Jj:^ 

and for M theory background AdS^ x I7 we have 

'''^''d=-^;;^j^mvom. (9.10) 
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Using our formulae from sect. 7, we can determine the kinetic terms Qi], and hence 
Tjj in terms of the geometry of Y . In particular, using ( [7 .81 ) and (|9.7[), we have 

rd-3™-(2n+l) /• 

TRF. = Cr. „ (-n(n - 1)) / y'voliY), (9.11) 

with the same constant appearing in (|9.2|). Note that 



y'vol{Y) = 2{n + l) y'vol{Xi) = 2{n + l){2nY y'dy\ . . dy"" , (9.12) 



(2(n + 1) accounts for the extra r integral in Xi). Moreover, eqn. (3.21) of |§] gives 

1 d 



So (|9JTD gives 



A, 2(71 + 1) dbi 



L-^-3^-(^-+i) (n-1) a ~ 

TRFi = Cn ^ (27rj — Z [62 , • • ■ OnJ ■ 



(9.13) 



IGTrG 



i3t 



2 a6. 



(9.14) 



As discussed, we take the factors in ( |9.4| ) to be bi independent constants, so ( |9.14[ ) can be 
written as 

(n-l) d 



2 db, 



■rR,R, [b2...br,]. 



(9.15) 



The relation (|9.14| ) shows that the tr^r^ minimization equations, TRPi — 0, are indeed 
equivalent to the Z minimization equations ( ^.12|) of H]. 

We can similarly use our formula (|7.8| ) and ( |9.6| ) to obtain the coefficient tf^f, for two 
flavor currents: 



rd-3 -(2n+l) 

TF.F, =Cn ^ {n{n-l)f I yWvol{Y), 



IGttGoj jy 
with Cn the same constant appearing in (|9.2|). Note now that 



(9.16) 



y'y^vol{Y) =2{n + 2) y'y^vol{Xi) = 2{n + 2){2n)'' y'y^dyK . .dy"". 

Y Jxi JAi, 



(9.17) 



Moreover, in analogy with the derivation of (|9.13|) , in eqn. (3.21) of 0, we find: 

1 



^yWdy\..dy^ 4(n + l)(n + 2) 9^6, 



Voh{/\). 



(9.18) 
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We can then write (|9.16| ) as 

n{n — 1)^ 9^ 



"^^^^ = 4(n + i) ^'-^'^ 



where again we take ( |9.4|) as b independent. 

Since th^r^ is proportional to Z, ( |9.19| ) provides a way to evaluate the current two- 
point function coefficients TPiFj entirely in terms of the Reeb vector and the toric data, 
without needing to know the metric. 



In [|T3[, we discussed the trial function T]i^ii^{si), which is quadratic in the parameters 



Si, and satisfies 



2 



d d 

TRtRtls* = Trr, -q^Tr^r^\s* =2TRi = Q, Qg.Qg TRtRti^) = '^'^ij ■ (9.20) 

This can be compared with the function TR^R^{hi) defined above, which coincides with 
trr for the minimizing values 6*, which are determined by setting the derivatives to zero, 
( P.15|) , and the second derivatives ( |9.19| ) are proportional to r^j, as in (|9.20| ). The relation 



between Si and hi can be chosen to convert the coefficients in ( |9.19|) to equal those of ( |9.20|) . 

Let us now consider further the expression (|9.8D , or more explicitly ( p.9|) and ( |9.10|) , 
for the flavor charges of branes wrapped on cycles. We would like to evaluate these for the 
supersymmetric cycles C Y , i.e. to evaluate 



y'voliE) (9.21) 

in terms of the toric data and Reeb vector. Note that 

y'voliE) = 2n [ y'vol{C{J:a)) = 2n(27r)"-^ [ y'daa, (9.22) 

where the 2?! factor is from the extra r integral in going from to C(Ea), and da a is the 
measure on JF^, from / 5((y, Va))dy^ . . . dy'^. In analogy with the derivation of eqn. (3.21) 
in 0, it seems likely that the y^ in (|9.21|) and (|9.22| ) can be obtained from the volume 
VolbiT^a) in (|8.6D by differentiating w.r.t. bi. But completing this argument, accounting 
for all the potential new boundary terms, seems potentially subtle (to us). 

Let us, instead, note a different way to compute the charges from the toric data. 
Consider the expression for Volh{Y), as a function of both b and the toric data {va)i- In 
the integral leading to Volb{Y) = 2n{2Tv)'^Vol{Ab) in (|8.6| ), the vectors (fa)* appear via 
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the boundary of A^, which has {y,Va) > 0. Thinking of them as variables, taking the 
derivative w.r.t. Va then gives a contribution only on the boundary (y, Va) = 0: 

d f 

Vol{Ab) = - y^daa. (9.23) 



Using (|9.22|) and (|8?^ ) then gives 



/ y\ol{T.) = -^-^Voh{Y). (9.24) 

In the above expressions for r^ij and T^Pi and TPiPj^ the Ramond-Ramond and 
Kaluza-Klein contributions to gjj were summed together, in the coefficient Cn- Using 
the relation ( p.l2|) , which here gives [gj])^^ = {n — l){gjj)^^ , those two contributions 
have a fixed ratio. Let us now examine that relation in the present context. For general 
Killing vectors x^^^ and x^'^\ the contribution ( [4.5| ) to their mixed kinetic term is 

[gjjf' ^ j^AyWxTxf^vol{Y). (9.25) 
The contribution (|3.8|) of the Einstein term is similarly 

[gj])'"'' oc G^^x\'\^pvol{Y). (9.26) 
Taking both / and J to be the R-symmetry, with xi and XJ the Reeb vector, the relation 



from {gY])CC ^^^_^^^gj2^KK 



IS 



G'^hhjdyi ...dyr, = ij^iy'hfdyi . . . dy^- (9.27) 

which is clearly satisfied, since 2biy^ = C^^bibj = 1. For non-R fiavor symmetries, the 
identity is less trivial. For general Y2n-i it states that 

f G'^vol{Y)=A{n-lf I y'y^vol{Y) ijj^l. (9.28) 

The extra factor of (n — 1)^, as compared with (|9.27| ), is as in ( [7.8| ), coming from writing 
the volume form as ~ A {de'^)'^~^ and the fact that is found from the shift of the 
first e"^ factor, whereas the non-R isometries are obtained by shifting the n — 1 factors of 
d(e^). The relation j ^M) 

can indeed be verified to hold in the various examples. It can 
30 



also be written in terms of integrals over Af,, by extending to Xi and doing the extra r 
integrals, as 

(n + l) [ G'Uy^ ...dy"" =A{n-lf{n + 2) f y'yUy^ . . .dy"" . (9.29) 



10. Examples and checks of AdS/CFT: Y^^i 

The metric of [^,^ is simply written in the basis of unit one-forms 

= -{dij' - cos 9d(p + y{dp + cos 9d(p)) 
3 



9 i^-y^n l^-y^:. 



e'^\l—^de, e^ = ^—JLsined<P, (10.1) 

= —^dy, = ^^^^(<i/3 + cos0d(p), 

\/wv 6 



as dsy = (e^)^ + (e'^)^ + (e^)^ + (e^)^ + (e'^)^. The coordinate y lives in the range 
yi < y < 2/2, where yi and y2 are the two smaller roots of v{y) = [^f: 

yi = ^ (2p - 3q - V V - 3?2) , = ^ (2p + 3? - - 3q2) . (10.2) 

The local Kahler form of the 4d base is 

J ^e^ Ae^ + e^ A e^. (10.3) 

The gauge symmetries in AdS^ of IIB on Yp^q, and the global symmetries of the dual 
SCFTs 0, are U{1)r x SU{2) x U{1) f x U{1) b- The first three factors are associated with 
isometries of the metric, and U{1)b comes from the single representative of H^{Yp^q,Z) 
(topologically, all are 5"^ x S^). As usual, the superconformal U {X)r symmetry is associated 
with the shift in e^: ^dtp' — > ^dtp' + ^Ar, and the associated 3-form is that of [jl^: 



Or = -^ujR = -e^ A J. (10.4) 

The SU{2) is symmetry is an non-R isometry, associated with rotations of the spherical 
coordinates 9 and cj). Finally, the U{1)f isometry is associated with shifts d(3 + cos 9d(f} — > 
d(3 + cos 9d(f) + AF- U{l)ef) C SU{2) and t/(l)F form a basis for the C/(l)^ non-R isometries. 
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expected from the fact that Yp^g is toric [||. The 3-forms associated with these flavor U{1)'^ 
are found from (|6.3|) and ( |6.7| ) to be 

= j^u!<p = -cos 9Qr and up = ^^i^F = -yu}R- (10.5) 

The 3- form associated with the U{1)b baryonic symmetry was already constructed in 
1^, restricting their form ^2,1 on C{Yp^q) to Yp^q by setting r = 1: 

^^^B = ^{p" - A 77 A e<^ - A e^), (10.6) 

where the normalization constant is to keep the periods of ^3 / C4 properly integral. 

D3 branes wrapped on the various supersymmetric 3-cycles of Y map to the di- 
baryons of the dual gauge theory as: 

Ei^dety, E2 det Z, Ea^dett/a, E4^detVa. (10-7) 

The cycles Ei and E2 are given by the coordinates aX y = yi and y = y2 respectively 
1^. The cycle E3 is given by fixing 6 and (f) to constant values, which yields the SU{2) 
collective coordinate of the di-baryon 0. The cycle E4 = E2 + E3. 

As in [|T^, the R-charges of the wrapped D-3 branes, computed from fx^ jj., ujji, are 



It was verified in that the R-charges computed from the cycle volumes as in ( |10.8| ) 

agree perfectly with the map ( 10.7 ) and the superconformal R-charges, computed in the 



field theory dual by using the a-maximization [^| method. 



We can similarly verify that integrating the t^(l )<,;,, U{1)f and U{1)b 3-forms ( |10.5| ) 
and ( |10.6| ) over the 3-cycles E^ agree with the map ( p.0.7| ) and the corresponding charges 
of the dual field theory 0. For U{1)b we have 

S(EO =^^j^ooB = ^(p2 _ j^^^ ^ Jlhj^^''' A - A e^), (10.9) 
and, as already computed in p, this gives (reversing Ei's orientation) 

S(Ei) = (p-q), S(E2) = (p + g), i?(E3)=p, (10.10) 

in agreement with the U{1)b charges of for y, Z, and respectively. One minor 
difference is that we normalize the ^7(1)^ charges for the bi-fundamentals with a factor of 



32 



so that the charges of the baryons are 0{1) rather than 0{N); this is natural when 
U{1)b is thought of as an overall U{1) factor of a U{N) gauge group, and also natural 
in terms of having the charges be properly quantized, so that / /X3C4 and / B{Qi)AB are 
gauge invariant mod 2n under large gauge transformations. 

We can compute the U{1)f charges of the wrapped D3 branes by using (|6.11| ), here 
with h = y/3: 

F{B^) = -R{B^)^^^^^^. (10.11) 

This gives 

F(Ei) = yii?(Si), F(E2) = -y2R{^2), ^(^3) = -^{yi + y2)R{^^). (10.12) 

The El and E2 cases follow immediately from ( |10.11| ), since y = yi and y = y2 is constant 
(the El integral gets an extra minus sign from the orientation), and F^E^) in (|10.12|) 



simply comes from f^^ydy/ f^dy. The charges ( |T0T2D agree with the U{1)f charges 
of 0, up to the ambiguity that we have mentioned for redefining U{1)f by an arbitrary 
addition of U{1)b, i.e. U{1)'},^^^ = C7(l)*/^^^ + aU{l)B. 

Using the metric 0,^, we can explicitly compute the contributions Tj^f in ( |7.15| ) 
and the contributions rfj^ in (|7.17|) , and verify that rfj^ = 2tjj^ , as expected from 
( p.ll|) , for the U{1)r and ?7(1)(^ and U{1)f isometry gauge fields. For U{1)b, there is 
only the Tj'f contribution to r/j. For the superconformal U{l)]i, we find, as expected 
rf^ = 4N^7:^/9Vol{Yp^q) and r^f = 8N^n^ /9Vol{Yp^q), with § 

T/ 1(V ^ - 9^[2p+(V-39^)^/^] 3 nn 1-.^ 

For T^^, the metric gives gahK^^K^p = j^wq + ^y^ = j^wiy), so (|7.17|) yields 



r^K _ NV jdyw{y){l-y) _ N^n^ U _ ^f^^r^\ 



(10.14) 



Using Up of (|10.5|) in ( [7.15|) we can also compute 



,cc _ ^cc ! dyy^O^-y) _ ^cc 1 jdyw{y){l-y) _^_kk /mi^^ 
" jdy{l-y) ~ 16 jdy{l-y) ~ ^^^^ ' ^^"'^^^ 



satisfying the relation (|3.11|) . Combining (|10.14|) and ( |10.15| ) gives 



^FF = r \, ( 2p - - ) . (10.16) 
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This result for rpp can be compared with the field theory prediction. The U{1)f charges 
of the bifundamentals are found from the U{1)f charges (|10.12| ) of the dibaryons, and 
the map ( |10.7|) (so the factor of from (|10.8D is eliminated), e.g. F{Z) = —y2R{Z) = 
—y2nVol{'E2)/3Vol{Y5), which looks rather ugly when written out in terms of p and q. 
From these charges and the U{l)ii charges, we can compute the 't Hooft anomalies, and 
thereby compute tff on the field theory side by using the relation tff — —STrRFF. The 
result is found to agree perfectly with ( |10.16[ ). 

Let us now consider t^f- The Kaluza-Klein contribution is given as in ( [7.17| ), with 
gabKfiKp = y/9, and the integral over y vanishes, so Tj^pf = 0. Likewise, r^p = 0, 
because / y{l — y) vanishes. So, as expected, trf = 0. 

As we discussed in the previous section, the -Fi[Sa] charges and t/j can also be com- 
puted entirely from the toric data and Z-function of 0. In the toric basis of 

t;i = (l,0,0), V2 = il,p-q-l,p-q), Vs = il,p,p), v^ = {l,1.0). (10.17) 

The Z-function is, with 62, ^3) = {x^ y, t), 

Z[x,y.t] = - - mPip- <Dx + q{p- q)y + q{2- p + q)t) ^^^^^^^ 

2t[px - py + [p- l)t){{p - q)y + [1 - p + q)t)[px + qy - [q + l)t) 

which, imposing x = 1, is minimized for 0: 

brmn= (s, ^ (3p - 3q + ^ ) , ^ (3p - 3q + ^ )^ , = ^ (Sq^ -2p^ +p^/4p^-3q^ 

(10.19) 



Our formula (|9.19|) , for example, gives TpiF -, for the Fi associated with the ~ 



Killing vectors, in terms of the Hessian of second derivatives of the function ( 10.18 ), evalu- 
ated at (|10.19| ) . To connect the results in the toric basis for the flavor symmetries to those 
discussed above, we note that the Killing vector for shifting /3 can be related to those for 
shifting and </,2 as ^ = ^ (^^ + , so U{1)f = '^{U{1)2 + U{1):,). 
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